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Abstrat
We use the hyperboli subdiusion equation with frational time derivatives (the generalized
Cattaneo equation) to study the transport proess of eletrolytes in media where subdiusion
ours. In this model the ux is delayed in a non-zero time with respet to the onentration
gradient. In partiular, we obtain the formula of eletrohemial subdiusive impedane of a
spatially limited sample in the limit of large and of small pulsation of the eletri eld. The
boundary ondition at the external wall of the sample are taken in the general form as a linear
ombination of subdiusive ux and onentration of the transported partiles. We also disuss
the inuene of the equation parameters (the subdiusion parameter and the delay time) on the
Nyquist impedane plots.
1 Introdution
Subdiusion ours in systems where mobility of partiles is signiantly hindered due to internal
struture of the medium, as in porous media, gels or amorphous semiondutors [1, 2℄. The subdiu-
sion is haraterized by a time dependene of the mean square displaement of transported partile〈
∆x2
〉
= 2Dαt
α
Γ(1+α) , where Dα is the subdiusion oeient measured in the units m
2/sα and α is the
subdiusion parameter of a value within 0 < α < 1 range. For α = 1 one deals with the normal
diusion.
The subdiusion has been reently extensively studied. While the phenomenon is theoretially
rather well understood, there are very few reported experimental investigations (e.g. [2℄). The
method of impedane spetrosopy was used to experimentally study subdiusion in porous media
suh as nanopore eletrode [3℄, ement [4, 5, 6℄, tooth enamel [7℄ and gels [8℄. The theoretial
analysis of subdiusion impedane was presented by [9℄ who used the following paraboli subdiusion
equation (PSE) with frational time derivative. The equation reads as
∂C(x, t)
∂t
= Dα
∂1−α
∂t1−α
∂2C(x, t)
∂x2
, (1)
where the Riemann-Liouville frational time derivative, whih is dened for α > 0 as [11, 10℄
∂αf(t)
∂tα
=
1
Γ(n− α)
∂n
∂tn
∫ t
0
dt′
f(t′)
(t− t′)1+α−n .
For α = 1 Eq. (1) onverts into the normal diusion equation.
For the initial ondition C(x, 0) = δ(x), where δ is the Dira-delta funtion, the solution of
Eq. (1) (the Green's funtion) has non-zero values for any x and t (t > 0). Thus, even for small
1
times, a nite amount of the substane exists at very large distanes from the origin, what an
be interpreted as innite propagation veloity of some of the diusing partiles. To avoid this
'unphysial property' Cattaneo derived the hyperboli normal diusion equation whih Green's
funtion has non-zero values for nite x [12, 13℄. The equation is based on the assumption, that
the ux is delayd by time period τ with respet to the onentration gradient. For many 'typial
systems' (as the membrane one) it is hard to observe the dierene between the solutions of paraboli
and hyperboli (sub)diusion equations even for relatively large values of τ [14℄. However, in some
proesses the non-zero parameter τ plays ruial role. The example is the diusion in a system
where boundary onditions are given by funtions quikly hanging in time. Suh a situation ours
in the eletrohemial system with (sub)diusion impedane. As far as we know, the Cattaneo
equation was used to study eletrohemial impedane only for a system where normal diusion
ours [15, 16℄, exept our work [17℄ where the subdiusion impedane was onsidered in a system
with fully absorbing wall. Artiles published so far mostly onentrated on homogeneous systems,
however, a more omplex system ontaining few diusion layers was also studied in [18℄.
In this paper we present a theoretial foundation for studies of subdiusion impedane using a
hyperboli equation. We apply the hyperboli Cattaneo equation with the frational time derivative
to model the subdiusion impedane of a homogeneous sample of nite thikness, where the bound-
ary ondition at the sample surfae is assumed as linear ombination of ux and onentration. We
nd an inuene of the parameters α and τ on the nal formula desribing the impedane of the
subdiusive medium, partiularly for high and for low a-voltage frequeny.
2 The generalized Cattaneo equation
The phenomenologial derivation of Cattaneo equation is based on the assumption that the ux of
the partiles J is not generated by the onentration gradient instantaneously (as in the proess
desribed by paraboli diusion equation), but it is delayed in time by τ [12℄, what is reeted by
the following relation
J(x, t+ τ) = −Dα ∂C(x, t)
∂x
. (2)
Expanding the left-hand side of Eq. (2) into power series with respet to τ and assuming that the
parameter τ is suiently small, one gets
J(x, t) + τ
∂J(x, t)
∂t
= −Dα ∂C(x, t)
∂x
. (3)
Combining Eq. (3) with the ontinuity equation
∂C(x, t)
∂t
= −∂J(x, t)
∂x
, (4)
one obtains the hyperboli normal diusion equation
τ
∂2C(x, t)
∂t2
+
∂C(x, t)
∂t
= Dα
∂2C(x, t)
∂x2
. (5)
The paraboli subdiusion equation an be derived form Continuous Time Random Walk formalism
or using the phenomenologial approah. In the letter ase one sets the Riemann-Liouville frational
time derivative of the order 1−α in the right-hand side of Eq. (2) (with τ = 0) or replaes the time
derivative of the rst order in Eq. (4) to Caputo frational time derivative of the order α. In similar
way one an obtain the hyperboli subdiusion equation. In the paper [13℄ there were proposed three
possible generalizations of the Cattaneo equation (5) to the one with the frational time derivative,
eah one supported by a dierent sheme. In eah of them the frational time derivative replaes
the derivative of natural order in Eqs (3) or (4), or it is added to the right-hand side of Eq. (2).
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The shemes provide a dierent forms of hyperboli subdiusion equation, whih are not equivalent
of eah other. In the next setion we use the last sheme - whih is the most natural in our opinion
- to derive the hyperboli subdiusion equation. Thus, the generalized Fik equation is given by
J(x, t+ τ) = −Dα ∂
1−α
∂t1−α
∂C(x, t)
∂x
. (6)
Equation (6) ensures that hanges of the ux due to the onentration gradient are delayed by the
time τ . Assuming that τ ≪ t and keeping linear terms with respet to τ in the series expansion of
l.h.s. of Eq. (6), we get
J(x, t) + τ
∂J(x, t)
∂t
= −Dα ∂
1−α
∂t1−α
∂C(x, t)
∂x
. (7)
Combining Eq. (7) with the ontinuity equation (4), we obtain the generalized Cattaneo equation
τ
∂2C(x, t)
∂t2
+
∂C(x, t)
∂t
= Dα
∂1−α
∂t1−α
∂2C(x, t)
∂x2
. (8)
3 The system
Let us assume that at x = 0 there is the osillating overvoltage η(t) = E sin(ωt) whih auses the
osillation of the onentration on the surfae layer aording to the formula
η|x=0 (t) =
(
dη
dC
)
eq
C(0, t), (9)
where eq denotes a derivative omputed in the loal equilibrium. Thus, we have
C(0, t) = C0 sin(ωt), (10)
where C0 = RW qAE, RW =
1
qA
(
dη
dC
)
eq
. The ondution urrent I(t) at x = 0 orresponds to the
ux of diusing partiles J(0, t)
I(t) = qAJ(0, t), (11)
where q is the harge of diusing partile and A is the area of the sample surfae. The surfae loated
at x = L an be treated as fully absorbing, partially absorbing or fully reeting wall (Fig.1).
x=0 x=L
h w(t)=Esin( t)0 absorbing
or reflecting
wall
diffusion
layer
Figure 1: The system under onsiderations, η denotes the overvoltage, E - its amplitude.
The seond boundary ondition, xed at the wall x = L, an be hosen in dierent ways de-
pending on the properties of the wall. Usually, for the system desribed by paraboli (sub)diusion
equation one an adopt the boundary onditions as follows:
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• For the fully absorbing wall one gets [19℄
C(L, t) = 0. (12)
• For the fully reeting wall there is [19℄
J(L, t) = 0. (13)
• For the partially absorbing wall the partile absorbed by the wall annot return to the system
and the boundary ondition is given by [20, 21℄
J(L, t) = κ
∂C(x, t)
∂x
∣∣∣∣
x=L
. (14)
The boundary ondition for the fully absorbing or fully reeting wall was studied in majority works
[22, 9℄, however, the radiation boundary ondition (14) was also used [15, 23, 24℄. In this work
we assume that the boundary ondition at x = L is given in a general form and it is a linear
ombination of the ux and onentration, where the ux is delayed in time by τ with respet to
the onentration. So, the boundary ondition is
aLJ(L, t+ τ) + bLC(L, t) = 0. (15)
4 Diusion impedane
The impedane of eletrohemial system Z(iω) an be dened as its response to a voltage or urrent
perturbation from a steady-state situation [22, 25℄
Z(iω) =
ηˆ(iω)
Iˆ(iω)
, (16)
where ηˆ(iω) and Iˆ(iω) are the Laplae transforms of the overvoltage and urrent perturbation. ω is
the angular frequeny ω = 2pif , where f is frequeny. A plot of the real and imaginary parts of the
impedane in the omplex plane (ReZ,−ImZ) as the frequeny (treated as a parameter) is swept
over a given range is alled the Nyquist plot.
The impedane of the diusion layer is alled the Warburg impedane. For the layer of the
innite thikness the impedane is dened as
Z(iω) =
R√
iω
=
R√
2ω
(1− i), (17)
where R is the diusion resistane. On the Nyquist plot the Warburg impedane is presented by the
straight half line with the slop angle pi/4 passing through the origin of oordinates. In real systems
the diusion layer has a nite thikness. Let us assume, that the diusion layer is bordered by planes
loalized at x = 0 and x = L. The perturbation of the voltage is applied to the medium at x = 0.
The harateristi angular frequeny is dened as
ωd ≡ D
L2
, (18)
where D is the diusion oeient. The frequeny (18) is proportional to the inverse of the average
time neessary for an ion to ross the sample thikness. When ω ≫ ωd the size of the sample plays
no role in the ion diusion and the impedane is the Warburg impedane (17). However, for a
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low frequeny the ions an be absorbed by the opposite wall before they hange diretion of their
movement.
From Eqs. (16), (9) and (11) one obtains the relation
Z(iω) = RW
Cˆ(0, iω)
Jˆ(0, iω)
. (19)
5 Subdiusion impedane
We assume that the transport proess is desribed by the Cattaneo equation (5) with the following
initial onditions
C(x, 0) =
∂C(x, t)
∂t
∣∣∣∣
t=0
= 0. (20)
The Laplae transform of (5) for the initial onditions (20) is
τs2Cˆ(x, s) + sCˆ(x, s) = Dαs
1−α d
2Cˆ(x, s)
dx2
. (21)
The general solution of Eq. (21) is
Cˆ(x, s) = B1 exp [γ(s)x] +B2 exp [−γ(s)x] , (22)
where
γ(s) =
sα/2√
Dα
√
1 + τs. (23)
The Laplae transform of the ux is
Jˆ(x, s) = −Dα s
1−α
1 + τs
dCˆ(x, s)
dx
. (24)
Combinig Eqs. (19), (15) and (22)(24) we obtain
Z(s) = RW
1
λ(s)
[
bL sinh(γ(s)L)− aLλ(s) cosh(γ(s)L)
bL cosh(γ(s)L)− aLλ(s) sinh(γ(s)L)
]
, (25)
where
λ(s) = s1−α/2
√
Dα
1 + τs
. (26)
For the layer with innite thikness (L→∞) the impedane (25) has the following form
Z(iω) = RW
√
1 + τiω√
Dα(iω)1−α/2
, (27)
For τ = 0 and α = 1 Eq. (27) orresponds to the lassial Warburg impedane [22℄. For subdiusive
systems the relation on the impedane (18) should be repleaed by ωd ≡ (D/L2)1/α [9℄.
When ω → ∞, a substantial inuene of τ an be inferred form Eqs. (25). When ω → ∞ from
Eqs. (25) and (26) we obtain
• For τ 6= 0
Z(iω) =
RW
√
τ√
Dαω(1−α)/2
[
cos
(
pi
1 − α
4
)
− i sin
(
pi
1− α
4
)]
, (28)
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and the Nyquist plot of the impedane is a linear funtion passing through the origin of
oordinates with the angle slope ϕ given by
ϕ = pi
1 − α
4
. (29)
Let us note that for 0 < α < 1 there is ϕ ∈ (0, pi/4).
• For τ = 0
Z(iω) =
RW√
Dαω1−α/2
[
cos
(
pi
1 − α/2
2
)
− i sin
(
pi
1− α/2
2
)]
, (30)
where
ϕ = pi
1− α/2
2
, (31)
and ϕ ∈ (pi/4, pi/2).
For low ω one obtains
Z(iω) = − RW
λ(iω)
[
aLλ(iω)− bLLγ(iω) + aLLλ(iω)γ(iω)
aLλ(iω) + bLLγ(iω)− aLLλ(iω)γ(iω)
]
. (32)
An analysis of Eq. (32) leads to the following onlusions. For ω → ∞ and α ∈ (0, 1) that the
slope of the plot is ϕ = pi(1 − α)/2 when bL 6= 0 (for the partially or fully absorbing wall) and
ϕ = pi/2 when bL = 0 (for reeting wall). We note that for ω ≪ 1/τ the terms whih ontain the
τ parameter an be negleted in the above formulas. Thus, in all ases ϕ is also independent of τ .
Calulating ReZ and ImZ from (25) for s = iω we obtain the Nyquist plots (Figs. 25) with
several values of the parameters τ and α. Our alulations were done for ω ∈ (10−1, 103), RW = 1,
L = 1 and Dα = 1 (all quantities are in arbitrary units). For larger values of ω the points on the
plots are loated near the origin and for larger τ the urves are loated near the ReZ axis.
0 2 4
0
2
4
Reflecting wall
   0
 0,01
 0,1
 1,0
Absorbing wall
   0
 0,01
 0,1
 1,0
- I
m
 Z
Re Z
Figure 2: The Nyquist plots for α = 0.4 and for τ given in the legend.
On Figs. (2) and (3) the plots for τ = 0 and τ = 0.01 are pratially undistinguishable, but for
larger values of the subdiusion parameter α these plots dier from eah other. The urves with
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Figure 3: The Nyquist plots for α = 0.6.
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 Z
Re Z
Figure 4: The Nyquist plots for α = 0.8.
larger values of the τ parameter lie nearer the axis ReZ. The plots suggest that the urves for
dierent values of τ onverge into one urve for very small values of ω. For relatively large values of
τ the Nyquist plots show 'haoti' behavior, whih is stronger when α inreases. Therefore, in the
presented ases we did not onsider values of τ larger than the one on plots in Figs. (2)  (3).
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Figure 5: The Nyquist plots for the normal diusion ase (α = 1.0).
6 Final remarks
The main result of our work is Eq. (25) with the asymptoti formulas (28)(32). These funtions
illustrated by the plots Figs. 25 show the following:
For ω → ∞ the Nyquist plot is the linear funtion passing through the origin of oordinates
with the slop angle ϕ dependent on subdiusion parameter α and given by Eq. (29) and (31). It
is interesting that ϕ does not depend on the parameter τ expliitly, but the dependene is `hidden'
and is manifested by the interval to whih the parameter belongs. For a given α ∈ (0, 1) and τ 6= 0
ϕ = pi(1 − α)/4 < pi/4 and ϕ = pi(1 − α/2)/2 > pi/4 when τ = 0. For non-zero τ , ϕ does not
dependent on τ and for all values of ϕ it is independent of the boundary onditions at x = L. In the
paper [24℄ the ase of ϕ 6= pi/4 was interpreted somewhat dierent, mainly as a presene of so-alled
`onstant phase element' (CPE) in the system.
For relatively high ω and for τ 6= 0 the Nyquist plots show the `haoti' and `osillating' behavior,
inreases with inrease of τ and α parameters. The physial interpretation of this fat an be as
follows. Namely, the periodi hanges of onentration at the surfae x = 0 generated the ux
whih is delayed in time by τ with respet to the onentration gradient. When the osillations of
onentration are very rapid, the ux does not keep up with onentration hanges, so the additional
fator ontributing to the total impedane is reated. The diulties in movement of the ions inrease
when α dereases ausing a derease in the ux. Thus, the τ parameter less inuenes the transport
proess when α is smaller. Suh a behavior is observed on the presented plots, where the urves
obtained for τ = 0 and for τ = 0.1 dier slightly form eah other when α = 0.4 and α = 0.6, but
the dierene is relatively large for α = 0.8 and α = 1. For low ω the plots are dependent on the
boundary onditions. Aording to the Eq. (32), for fully reeting wall and ω ≪ 1/τ one gets
ϕ = pi/2, whih is independent of α. For fully or partially permeable wall we observe that the plots
beome the linear where ϕ = pi(1 − α)/2.
As we mentioned in the Introdution, there are a few methods to extrat the value of subdiusion
parameters from experimental data. The onsiderations presented in this paper show that it is
possible to determine the values of parameters of the system from the Nyquist plots obtained from
8
experimental data. Measuring the slope angle for high ω, one an extrat the subdiusion parameter
α aording to the formulas (29) and (31). Suh a method was used to extrat the parameter α
for the lithium transport in gel eletrode [8℄. The authors found that ϕ = 32o, it interpreted the
results as subdiusive transport of the partiles inside the eletrode. Sine ϕ < 45o, we dedue that
the transport studied in [8℄ an be desribed by the Cattaneo equation with non-zero parameter τ .
Unfortunately, the value of slope angle is not suient to extrat τ from experimental data. To nd
this parameter one should perform more detailed studies where the parameter representation of the
Nyquist plots is taken into onsiderations.
For the system desribed by paraboli subdiusion equation (1) one obtains ϕ > pi/4. To ahieve
the situation where ϕ < pi/4, the subdiusion equation dierent from (1) was involved into the model
[9℄. Namely, it was assumed that the subdiusion is desribed by one of the following equations
∂αC(x, t)
∂tα
= Dα
∂2C(x, t)
∂x2
, (33)
∂2−αC(x, t)
∂t2−α
= Dα
∂2C(x, t)
∂x2
, (34)
when both of the equations ontain the Riemann-Liouville frational derivative. However, physial
meaning of Eqs. (33) and (34) is rather unknown sine they were derived only on the phenomeno-
logial way, where the time derivative of natural order was replaed by the frational one in the
ontinuity equation and/or in the Fik's law. These equations were not derived on the base of `mi-
rosopi' model suh as Continuous Time Random Walk formalism. We note that the Eq. (1) is
equivalent to (33) if in the latter one the Riemann-Liouville frational derivative is replaed by the
Caputo derivative. In our paper we show that the slope ϕ < pi/4 is ahieved form the model based
on hyperboli subdiusion equation, whih has lear physial interpretation.
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